CHAPTER VII. 


FURTHER REDUCTION FORMULAE. 


208. Several "Formulae of Reduction" have already been 
established, and the student will have gathered some infor- 
mation as to their nature, mode of construction and use. 

The nature of these formulae is that a connection, in general 
linear, is found between two or more integrals, so that when 
all but one have been found, the remaining one can be inferred. 


209. It will be useful to summarize those which have already 
occurred. They are as follows: 


1. The rule for integration by parts, Art. 90, and for con- 
tinued integration by parts, Art. 95. 


2. Reduction formulae for Es Be na daz, Art. 102. 


et 


3. Reduction formulae for erz ( OF bz dz, Art. 104. 


4. Reduction formulae for z"(log xy dz, Art. 106. 


or 


. Reduction formulae for [seers de. [eoseers dx, Art. 120, 


etc. 
tan^zdz, m dx, Art. 125, 
etc. 
6. Reduction formulae for , etc., Arts. 
185 to 199. a 
7. Reduction formulae for Bin? ooste |. etc, Arts. 201 
(a+b cos x)” 


to 203. 
208 
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210. General Remarks. 

The subject of the present chapter will be the construction 
of such further reduction formulae as may be necessary for 
present or future uses in the book, and a general indication to 
the student of the mode of procedure to facilitate their speedy 
production. It will be noted also that two distinct modes of 
procedure have been exhibited : 


(i) That of integration by parts, or, what comes to the 
same thing, a proper choice of “P,” with a differen- 
tiation and subsequent arrangement of the result as 
a linear function of the expressions whose integrals 
are to be connected, as exemplified in Arts. 185 
to 188. 

(ii) A change of the variable, taking the integrand 
itself, or some function of it, or of some essential 
part of it, as a new variable, as exemplified in 
Arts. 194 to 198 

We shall also complete the discussion of such integrations 
as are to be considered, both for the general cases when 
reduction formulae are required and for the particular cases 
in which it is convenient to avoid their use. 


911 leteetation. of [aae da, where X=a-+ba". 


In three cases this admits of direct integration, and no 
reduction formulae is required : 
I. When p is a positive integer. 

(i) Positive. 

(ii) Negative. 

(i) Positive. 

(ii Negative. 

In other cases a reduction formula is necessary. 


IL When 7 is an integer: 


III. When “+p is an integer: 


212. I. If p be a positive integer we can expand (a +bx”)? 
in a finite series by the binomial theorem and integrate each 
term. 

Thus 

[nocte da = a» = E »C arb 


gmtn gm» 


en ere 


A 
: 

VAM FOIn (ro r 
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If p be fractional or negative, the binomial expansion is 
non-terminating, and therefore the integration after expan- 
sion would not express the result i» finite terms. Expansion 
therefore in such cases should not be resorted to if avoidable. 


213, IL Let p - where r and s are integers, and s, at 


least, positive (which covers all commensurable fractional 
or negative values of p). 
Put X=a+bx"=2", 
bnx""*dx=sz" dz; 


4 


8 Sg. eg 
. -1 Y» = -lyr E m-n rts-l 
np X de=; fe CA E dz 
LX 


018 b adeat — 
=ý f ( b ) dz 
= f gri Mgr as dz. 
nb^ 
(i) Hence when is a positive integer > 0, a finite expression 
may be found for the integral by expanding this binomial, 
integrating each term, and finally substituting back for z its 
1 
value, viz. (a+bx”). 
(ii) And when _ isa negative integer or zero, 
gr+s-1 


may be put into partial fractions by the rules explained in 
Chapter V., and the integration can then be effected in finite 
terms. 

214. III. Again, we may write the integral 


Jar oct dz as [27 0+ ary ds; 
and therefore: by case II. this is integrable in finite terms if 


rn 
adi dr" 


‘ icd MUS 35 ri M 
be an integer, positive or negative, i.e. if A ge be am 


integer negative or positive, and the proper substitution, is 
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b4ax"=2", leading to a finite expansion if = t be a 


negative integer, or to partial fractions if + be a positive 
integer or zero. 
215. To sum up: 
Case I. pa positive integer: Expand. 
de Substitute a+ bæ” =z"; then expand, 
Case II. PES integer: or partial fractions, as the case 
may require. 
a Substitute ax-"+b=2'; then 
Case III. nte am integer: ^ expand, or partial fractions, 
as the case may require. 


216. Illustrative Examples. 
l. p a positive integer. 


Consider J= Í 25 (04-27) de= f (a5 -- 32712 + 3219 + 0%) de 
a* 3422 die gm 


"gt en 
m TERT 
2. zt positive integer. 
Consider T= f (1 +27) de, Here "ra. 
52 
Let ltrs; ., dz—7 pu. 


Im jee, Sd fae- den? (2-2) 
= [h ateni tent} 


3. = a negative integer. 


Consider I= [0 +27)? de. Here T= -$= —]. 
2 
Let late). dz dz 


I= [7.5 m; [ipte 


Following the rules of Arts. 155-156, we may express a as 


WA =“ 1 M%+1+5 1 221-1 
z-1*9(-ijf 18 GFP Fi TS 
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whence 
Mita A. PU e AM YO 
| ey sse n-; dra xig uie Lrti c n Ja 
es ee a 
6242-1 6J[Gr D' P 
In the last term, put ¿+1 tan da di- "3 sect 9 d0; 


A/2 fsectüdO 8 


1 ] exin 2) geth = 575] 008 edo 


4 


4 > 
E +cos 26) d0=3 jg (0 t sin 0 cos 0) 


2+1 1 2+1 
=] ES 
=3 355 tan NS +3 pz FT" 


Hence fas (1 +a) dx 


WE ME A MM] 


3[1 
Ss slog (e-1)-5 4-78 gia) $$ YE 


where z= V1 +37, 


4, tl a positive integer. 


3 
Consider f= [2 (1--23)* dx. Here — Tipis 
Then I= [20 279) ds. 
Let lo2-2; de= jai 
_2 = 


which can be put into er fractions. In this case, however, the labour 
can be avoided by the substitution z=sec 9, and then 


2 
lapa J a a 


= - [ ico 8d cot 0 


t OV 1 t? 
el AS log (cot 0-- 4/1 Foro) ; 


. I= 5 [ cot 0 cosec O + log (cot 6+ cosec 6]. 


4 
where cos 9—-— —* 


T ay 
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5. T. a negative integer. 


Consider IET +0 dz. Here mgri Bo -2, 
Then An j a1 +a sy * da. 
Put l4+r3=2; de=-*24dz; 

es - fas 


=+ (1-2) de 
=-E AO 
3 3149 80.45 
l a (8-525) 


~ 94 (1-25) 


217. Tue Six Connections POSSIBLE. 
When X=a+ba" and |z"-'X?dz is not immediately 


integrable by one of the foregoing rules, it may be shown 
that, by integration by parts, it can be connected with any 
of six other integrals. 
Thus, for instance, 
[aras E guns as, 
m m 
and by different modes of treatment we may show that the 


six integrals, with any one of which 


| 2^1 X^ dz 
can be linearly connected, are 
2.191 de, Jaen da, 
fox ? dz, [anim dz, 
[oam dz, Jona dz, 


that is, the index of X can be decreased or increased by 1, 
leaving the index of x unaltered ; 
the index of z can be decreased or increased by m, 
leaving the index of X unaltered ; 
the index of z can be decreased by n, and that of X 
increased by 1 
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or, the index of z can be increased by n, and that of X 
decreased by 1. 
That is, either index can be increased or decreased, leaving the 
other unaltered, that of z by n, that of XY hy 1; 
or, the one increased and the other decreased in that 
way (but not both increased or both decreased at the 
same operation). 
The rule for effecting this connection may be put into the 
following handy form: 
Let P=r H X"+, where A and 4 are the smaller indices of 
x and X respectively, in the two expressions whose integrals 


are to be connected. Find = Rearrange this if necessary 


as a linear function of the expressions whose integrals are to be 
connected. Integrate, and the connection is complete. 
In the rearrangement it may be necessary to substitute 


a+bx" for X, or dgr for z^, as may be required for the 


particular case in hand. 

The rearrangement can always be performed. It will be 
unnecessary to integrate by parts. The advantage derivable 
from the use of the rule of “The Smaller Index +1” will 
be that it will enable us to connect at once with the particular 
one of the six possible integrals which may appear desirable. 

218. Proof of the Rule of “The Smaller +1.” 


For proof it is sufficient to verify the rule in each case. 
Thus to connect 


(Xde with [anam de, 


put P=a2™X?, 
LA oP man- Xr+ amp XP E 
=mg"""X?+4 pbna"+"-1 X»-1 
=m" Xr + pnz"-( X —a) X?7!, 
(note the rearrangement “as a linear 
function, etc.”), 


z (m 4- pn) z"-! X" — apnz"-! X»71, 
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Hence, P= (m-+ pn) [zx dz —apn Jia de; 


qm X? apn 
m+ pn m+ pn 

The advantage in this reduction lies in the fact that the 
index of the often troublesome factor X” may be lowered if p be 
positive, or raised if p be negative, and by successive applica- 
tions of the same formula, if necessary, we may ultimately 
reduce the integral to one which has been previously obtained, 
or which can be managed with greater ease. 


ot fora de z [eee n. 


219. List of the Six Connections. 

The student should verify all six connections by the above 
rule, and also by integration by parts. 

They are as follow : 


m- "ETT am X? apn m-1 -1 
(1) E 1X? de= aed Xr- dz, 


(2) | am Xr+ m+pn+n 
~ an(p-4-1) an(p+1) 

q"-"XrH (m—nja z 

m-l Yp c m n— Y? d. i 
(8) a iiy ipm] ji 
4) [arixe de= A ER) f amta- Xo da 


q"-1X? dz = | XA ds, 


am am 
vet mon 
bn(p+1) bn(p+1) 
(6) [aae dr= A fee da. 


m 


gq"-!X» dz = [eae dx. 


We have written m—l as the index of z in the primary 
integral. This is merely for the convenience of making the 
several coefficients on the right-hand side smaller and more 
compact than they would be with an index m. 


220. Special Cases. 
The case where m-+pn=0 comes under the heading 


= +p =integer, already discussed (Art. 211), and needs no 


reduction formula. 
The case p= 0 integrates at once; as also the case n=0. 
The case p+1=0 integrates by partial fractions. 
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The case m=0 needs no reduction formula, coming under 
the heading of Case II. Art. 213, (ii). 

When the student is convinced of the truth of the rule in 
all cases, the six possibilities of connection and the method 
of connection are all that need be remembered. 

That the inerease or decrease in the index of z should be 
“n ab a time," whilst that of X is only “1 at a time," is to be 
expected, since X = a+ ba". 


221. An integral of form 
[27 (rtis 
can be written as [zm barr)" da, 
or as fere 7! (b+ ax?-*)* dz, 
and therefore is reduced at once to the form considered. 


222. Integrals of form 


gr (a+ ba)? dx 
f (a+ bar)? dix, er | am des er | a™(a+bar)”’ 


are obviously included in the same rules, as there has been 
no limitation as to the signs of the indices in the formulae 


discussed. 
223, Illustrative Examples. 
Ex. 1. Find the value of J= J (a? -- a2)! dz. 
We may connect with Í (a2 +a2)* dx, and this again with f (a2 +a)? dz, 


and this last is a standard form. 
As the reduction is to be used more than once, we will connect 


f (22+a%)?dx with À (a2 +a)?" d. 
Let P=x(2%+a2)7, 
dP p ag- 
Then d; (rey ne +a?) 
— (23 -- a2)! 4- n (2 -- a? — a?) (22 +a?) 


(note this preparatory step, which might be 
performed mentally) 


=(n+ 1)(22+a2* — na? (a+ at^ 


. I 

\ANANAL FOIN ArN Ni 

VAV rí A Y 

VV V V VV .I UII 1 mod (] = p i 
beat! 
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(which is now arranged as a linear function of the two expressions whose 
integrals were to be connected). 


Integrating, P (n1) f Gat) dz — na? | (2+ a as, 
- n a 2y7 
i.e. [iria ttt , ne pem 3 [eem as "dz 

Putting n=5 and then n=3, 

| (sanas ten Lo Sra da 
a 2 2 
Y ftne ttt +% [etatas 
4 

and | (+0) de= Ue e sinh, 


Thus Í (22+ a?) dx= T a+ a eae" (a? + T 


aix (a? + srta 


5.3 
t6.1.8 


This result might have been obtained more » feo p substituting 
x=a tan 0 and using the reduction formula 


[se dO= == tan see9+—" f sec" 6d6 (Art. 122), 


whence we get 
17 [ (+a) aset | sect a0 


—a*[3 tan 0 sec* 6+ &(1 tan 0 sec? 6+ 2($ tan 0 sec 0 
+3 log sec 9 +tan 0))] 
which gives the same result as before. 
da 
(2% +a?) 


Ex. 2. Find the value of J= f 


First connect | (224-22) 3 dx with f (22+ at) 3" dz 


Put P—zr(z?--a2)-2*, 
dP 


querat ay TH —-(n- 2)? (21--at) ? 


=(1%+ ay + —(n— 2)(z*-- a? — at)(z*-a2) 3 
-(3- n)(z*--a2) 3* (n —2)a? (234-23) 3 ; 


rra RE _n-3 


* [em as- (n—2)a? (n—2)a? 


firey TH oy, 
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Putting n=5 and then n=3, 
it a.a + 3 
EAM 2? de= v (a+ a?) Dd; ie ga (rey dz 
=l a(t} 
a? 


and f («24 amy? +0; 
1 Leena 


a? tarot ayt 


MES d Ie e. 


This again would have Er shortened by the substitution «=a tan 6, 


which is specially suited for functions involving Vz*+a?. 


sec? 0 d0 _ 1 
Thus fs HI sag x f eos 040 


=<, [(=sin*0)dsin 6 


4 


-1 (sin - ads where sin 0— Nx 
1 1 : 
which is the same as the previous result, though in a different form. 
Ex. 3. Find the value of J,= Í (a+ ay dx, n being a positive odd 
integer. Let a(2*2-a2)! =P, 


: Pa na? 
Since Lu Dat n 2 (Ex. 1), 
Pea 9-2 
OS 
etc., 
and [ = [v9 NEIN. inh 
we have 
Air n n(n—2) à 
in Adal ys Past (n--1)(n—1)(n—3) ^ Faart- 


n(n—2) (n o 
(n+1)(n—-1).. 
NI 
(n 4-1)(n—1).. 


Ea P, 


E 
+ Harisinh? 


Ex. 4. Find the value òf 7,— de 


n? 
Let a P (z*-- a*)* 


n being a positive integer. 


: 2 n-3 1 
y d DON. REN LA 
Since “=(33) UM e ae d 
Pa n ans. i; 
(n—4) a2" n-—4 ar" 
ete. 


we have L,2= 
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When n is an odd positive eae we ultimately arrive at J,, and 


glr? tayè be, 
al | SÉBl. 


gi! 


qu P. n—3 po (n —3)(n —5) P 
da a a O d '" 
(n-3)n—5)..2 P, Uer 
+ (n -2)(n — 4)...8.1 a where P,z n-à 


(a? +a?) 2 
In the case when 2 is an even integer, =2m say, 
Pon 2m-3 1 x 
Ian stp ie T 2m-—2 at Leom—1 Where Paya 
uds €t Pr 1a ntt Paw», — (2m—3)(2m—-5) _ Pom—2 
» 92m—2 a (2m—2)2m—4) at  (2m- wr -4)(2m-6) as 
(2m —3)(2m—5).. 
tn —2)(2m — UI ty. m gir ian! 


1.9 ql 
In integration between limits 0 and o, 


1 jn _(m-3)(2m- 5) ... 1 
^j; (2m—2)(2m—4)...2 dmi F 
M. Bertrand* shows a very ingenious deduction from this result, viz 
putting a=1 and na 


P e wi z  (2m-—3(2m-5)...1 7 
i [ne 2' 
0 m 


Take the case when m is indefinitely increased ; then 


gl m 
Lii ( 1+ E) =e, 
m 


¡ARE 1.3.5...(2m-3) 
preter he de= glino 374.8... (2m=2)V 
and by Wallis's Theorem (Hobson, Trigonometry, p. 331), 
2.4.6... (2m —2) 
[Xu cape ue Nm nr) 


become infinite in a ratio of equality 


ont T 1530. 


T .. (2m — 3) 
2 TA, E 


2.4.6...(2m— g)vm 
Nin Vr 


NE 2m —1) 
jm 


> [e dz=},/7. 


Ls] 
Consider also Z, = Í x™e-* dz, m being a positive integer. 
0 


* BERTRAND, Calc. Diff. p. 130 : see also Hall, D. and I. C., p.330. 
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Integrating by parts, 


de 21i g-1(— 9xe-*) de 
e ~3{[ >] - (m- 1) (anas) 
0 
= zi m—2 Macs 
Now I= [+ de YE 
0 
and = L ze-? dx= -3 ale] =; 4 


y Cera IM Vs: 


co ! 
Í gine: qa — £n. udo ut Lo =, n being a positive integer. 


Note also that if the integration extends from — œ to +0, 
i e7? dz — m, 


" ame de= Be Gert lx, 


Í qoe de=0, 


for to any positive element of the integrand in the third integral there 
is always an equal negative element. 


2a 
Ex. 5. Calculate the value of | z"/92ar—a3dz, m being a positive 
integer. " 
We proceed to connect ^ 


[am JIa da with [ 2-3, Jaaa — de, 
i.e. bs f z"*i2a—z)ydr with f £” (2a —x)t do. 
Let P=x"*+(2a2-—a)?, according to the rule; then 


T (m--3)z" 3 (2a —z)i - 32" **(2a a)? 


— (2m 4- 1)az" 3 (2a — a) — (m -- 2)" tt (2a — a. 
Hence 


(m+ 2) [a"*¥(2a—x)t de= —a" 39a — x)? +(2m+1)a f a”~*(2a—2)* dz, 


¿.e. 
>, ———, 2"-12ax —23)* aij 2m+1 E 
T am /2ax —z* dz — z} REC > HONO sa + 24 "2 1,/2ax — x’ 


_m+1 " m-1 Jax — x? da: 
Pr oe qm-1 lax- a? de ; 
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2a 
~ if LQ- Í, a" Zas — al dx, 


2m+1 I 2m+1 2m-1 
m+2 ma m+2 m+l 


Ig 
2m+1 2m—1 2m-3 , 
= . . a3 I. 
m+2 m+l m 
2m 4-1 f 2m-1 J 2m —3 
m+2 m+) m 


5 . 
Now, to find J, or f dV2ax—«? dx, put x=a (1 — cos 0). 
9 


Then dx=a sin 0 d0 
and A/2ax — 2i —a sin 0. 


Also, when z—0 we have 0—0; when x=2a we have (=r. 
Hence 


Iy= ("at sint 48— 5 ("1 cos 20)40— [0 — 1 sin 20] =". 


(2m 4- 1)(2m — 1).. T (2m+1)! a"? 
Hence 14-775 tr 8)m- I)... am mi(m+2)1 am * 


EXAMPLES. 
Prove that 
h [teneras EY Vs obs pp | (athe da. 


to 


(a+baj? , _ (a+bx)?*! (p—m+1) b f (a--bx)? 
AAA [erras 


gmt maz” 


3 decl odi Li rra wed bis x ck oi 
a.” m-l a a"-'m-2 a! 22 m-3 a qu 
al obe 1 QU, ade 
deve tht ja oe a 
(a+bx)? , (a+bzx)? (a+bx)?"1 
a f 2. p +af hae (BERTRAND. ] 
5 p TR E. siio dent 2p M | acia 
j apb apla tba (a+bax?)?" [BERTRAND.] 
6. att n—3p4tl -3 m a 
[am 3ap(a +ba?)? - CEST ™ 
rein 


and evaluate 


Sat fa” ? IE 
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a^ *l(a--br*)" 4bp 


n AND EE x 
7. IE (a+ bat) do t A | ot (a+ bat) da, 


ars af xt 


lama’ "ín-3)b BT atat 


de em Wen c + 4p —1 da 
(«t4 ba3)^*1  4ap(a--bx*3)?  4ap J (ad bot)? [BERTRAND.] 


re l ; JE a 
and evaluate e CENT 


224. Reduction formulae for [sima costa da. 


Integrals of this form also conform to the rule of “the 
smaller index +1,” explained in Art. 217. 

Connection can be effected with any of the following six 
integrals : 


[sine x eostz da, [snr cos’ x dz, 
[sia cos?^? y da, [sive x cost??z dz, 


(sir eos??? x dz, [sinei*z cos*7?g dx, 


by the following rule: s 


Put P=sin**'z cos“t1z, where A and u are the smaller 
indices of sin z and cos x respectively in the two expressions 
whose integrals are to be connected. 


Find S and rearrange as a linear function of the expressions 


da 
whose integrals are to be connected. This rearrangement can 
always be performed. 
Integrate, and the connection is effected. 
Each of these connections might be effected by integration 
by parts, but the advantage to be gained by the present rule 
is the same as has been explained in Art. 217. 


For example, let us connect the integrals 


[sz costz dæ and [sinz-22 costa dz. 
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Let P=sin?~'z cost g. 


a = (p—1) sin’~*z cost**z — (q+ 1) sin?z costa 
= (p— 1) sin?7?z cos! z (1 —sin*x) — (q+ 1) sin?z cos’ 
= (p — 1) sin”-?x cos! z — (p 4- q) sin?z costz, 
[Note the last two lines of rearrangement as a linear 
function of sin"zcos'*z and sin?-?z costz.] 
Hence 


P=(p—1) sinr-te cos?z da — (p+ q) [inea cos?z da 
and 


‘ sin”-*x costy p—1 
sin?z costa de = — ———— + 
| pda P+4q 
225. List of the Six Connections. 


The student should note carefully the possibilities of con- 


sin?^?z costz dz. 


nection for [sinra cost g dz. 


The indices of either siny or cosz may be increased or 
diminished by 2, the other index being unaltered; or, the 
index of the one lowered by 2 and the other increased by 2. 

Writing s for sin z and c for cos z, the six connections are: 


EU UM pb 
(1) |sretde— -Z Y Hee 
PT a+ p+q+2 
(2) fsrordz= : 1 32 da, 
p+l p+1 
142-1 4 
(8) frada= a a +I rentas 
PHH p+q+2 
(4) [rcraz=- + fortas. 
q+1 q+1 
ere € 
(5) [rea --—7 7 + ferraz 
+1 4-1 EN 
e feats ZEE renis 


Each of these should be verified by the student by means 
of the rule given, viz. “Put P=sin**zxcos"*x, where A, u 
are, etc. ...,” and also by integration by parts. 
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226. Special Cases. 
When p+q=0, the integral is [iara dx, and is integrated 


by the reduction formulae of Art. 125. 
When p+1=0, 


íi " costa 7. cost g 
sin’ g cos! z dz = | —- dx = — |z d(cos 2), 
sin £ 1—cos*z 


and then we write cosm=z, and use the method of pagtial 
fractions, or proceed as in Art. 228. 
When q+1=0, 
[sinrz costy de= da =Í Kani m d (sin 2), 
cos z 1—sin?z 


and then we again use partial fractions, or proceed as in 
Art. 228. 


227. The student is again reminded that when either p or q 
is odd, or when p+q is a negative even integer, there is 
an easier mode of procedure (Art. 114). Also that in any 
case we have the method of multiple angles when the indices 
are positive and integral; and in general this will be a more 
speedy method of obtaining the indefinite integral than the 
employment of a reduction formula. The results, however, 
will be necessarily produced in a different form by such 
processes. 


228. We must also notice that, in the formulae of Art, 225, 
either p or q, or both of them, may be negative. Hence we 
now have reduction formulae for integrals such as 

Se tp aede, a | dz 

eos?z sin*z sin” g costz 
and to these the “multiple-angle method" of Art. 112 would 
not apply, by reason of the non-termination of the binomial 
expansion used for the purpose of conversion. 

Thus, putting — for q in formula (5) of Art. 225, 


(= ig, | eee) ee | sin”-?*g 
cos? x (q—1)cos*"'z% q—1 Jcost?x 
Putting —p for p in formula (6), 
cost’ gy Cost KARRE cos? "2 dr 
lave «A (p—l)sin® "x p— et "ig 
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Putting —p for p and —q for q in (2) and (4), 


| dz Lue 1 ". t 1- 2 dz 
sin"z cos'z (p —1) sin”-*x cost"! z sin?"?z costy 
T 1 p ii —2 dz 
T ^ (q—1)sin""!z cost ig t ka cos? ?g, 
etc. 


If, however, p=1 or q=1 in these results, 2.e. for integrals 


^ia i , 
of form oss de or ¡ES T dz, these reductions obviously fail. 


In the case s dz, we may put g=—1 in formula (1), 
Art. 225, p 


sin” g sin?”-!g  fsinf^?z 
Then | die SO 
cos g p—1 cos & 


2 
sin?g En 
eos z 


if p be an even integer, or at a de if p be odd, giving 


and repeating the operation, we presently arrive at i 


respectively log tan (G+ +7)—sin z or log sec z in the two cases. 


Similarly, for [ons de. put p=—1 in formula (3); 


dz, 


_ f costz p= 087 x (= i 
sin % q—1 sinz 


2 
finally arriving at [de or at [ata 

sin x sin z 
ie.  logtan 5+ cosz or log sing as the case may be. 


229. The cases when p or q vanishes, i.e. the integrals 
sin”z ds and feosrz dz 
are of primary importance. 
Connect [sion de with [sinr==2 dz. 
Let P=sin""!xcos x, according to rule; then 
ut = (n — 1) sin"-?z cos?z — sin^z 


— (n— 1) sin*-?z — n sin?z ; 


" sin"'zecosz ,n—lf[(. 
A [sin*a dz- o paS P [sina dz. 
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Similarly, 


sinzcos"!z m—1l 
[costa da= SES ETERNO cos"~2a da. 


230. To calculate 
7 7 
S, = | si"xdx and (C, =f cos” x dæ. 
0 0 


Since sin""'zcosz vanishes when n is an integer, not less 
g 


than 2, at both limits, z— 0 and z—7 we have 


2 
1 —1 n—1 n-—3 
A haan) a eS 
n—1 n—3 n—5 


doc = ete. 


nm n—2 n—4 
If n be even this ultimately comes to 


du vel. 7 
ATINA 
n n—2 0 


1.€. Sa=——-: 


6 4 
a-l 1353, 
* n 7»—2"6 4 


d $003 9 
7 7 
and since | sin z dz — | — cos «| =1, 
0 0 
halla AL, A 
we have peto Sareea 


1 
In a similar way it may be seen that | cos"z dz has pre- 


0 
cisely the same value as the above integral in each case, n odd, 
n even. This may be shown, too, from other considerations. 

We thus have 


[s n deis n—3 n—5 3 lm AREAS 

a wil e mo Errar ia SB : 
n—1n—3n-5 42 

or — acc me vie 1, nodd. 
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231. The student should notice that these formulae are 
written down most easily by beginning with the denomi- 
nator. We then have the ordinary sequence of the natural 
numbers written backwards, 


(n under n— 1) x (n—2 under n—3) x (n—4 under n—5)...etc., 
stopping at (2 under 1) if n be even, and writing a factor 3; 


or stopping at (3 under 2) if n be odd, with no extra factor. 


11975317 

"E a fisimrod E o 1521. 
108642 
(2) | sinu 9d0— 9753 


(3) $ * oat cos? 9 dO= i — $ as ¿de, 
where $-—920, 


t 
(4) f, costs@sint69 do=2" |, sin*30 cos! 30 d0 


4 
== |, ‘int cos!! pdo, where p=30, 


a ¡7 
=5 Í (cos! $ — 2 cos!3 h + costé d) dd; 
4 
222468 wi 8. 12 55) 


BDO A 13* 13 15 
= etc. 
EXAMPLES. 
1. Prove that 
t in?+ 0 cost? 0 q-1 : 
?0cost9 d) - ALE. le ——. Bin?-! 0 cost-! 9 
J sim " p*q (p*q)p*q-2) 


gine s sin?-*0 cost-?6 d0 
the indices being both diminished. 


sin? 8 1 sin?! 0 gl: sin?-?0 

24 Prove that ES cos? Ó eu (q—1)cos10 m 1) cost ?0 de, 
cos? 0 cos?-1 8 p-1 [cos?*0 

3. Prove that jes sin* à dó-— "(g-Dsinó g-1 q —1J sin?-?9 d. 
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4. Prove that 
f dé 1 p+9-2 dé 


sin? Ocos’@ (gq—1)sin"i6cos0" g—1 J sin?@cos'*6 


a pr as 
(p—i)sin"8cosi-19 * p-1 J sin?"?0cos* 9 
sin? @ oM 0 [sin?-*8d0 
e Pap nita cos 6 
cos? 0 cos?-19 f cos?-*0 
9 peus “p-1 "J sinó - ‘ 
E n Ht 15,4,(2n-1)(2n—3) 
7. (a) E 0d6- - 2 | 43 ; za "(9n — 9) (3n — 4) 2)(2n— y 
1.3... (29-1), ], 1.3.. ¡ee 1) 
Rol Wr Um iy a 6. 
ET Qn i dis x 
(0) f sinodo = er tol E ig oC 
das L3 mcn 
where c and s stand respectively for cos O and sin 0. [BERTRAND.] 
_, m-l ws, (2n—1)(2n —3) n- 
5 in feos=6d0=5, [e "tg g^" ias 2)(2n — n^" 
1.3... (22-1), im E MD 
Ro d ch qe MERE 6. 
FN; ut d d 2.4...2n 
Q) | cos™*10d0=5, recie jen. e 
c and s being its cos 6 and sin 0. [BERTRAND.] 
9. Prove 
i La de 74:8 0 
(a) [eosect 0 d0= aa eal atg 4 logtan 5. 
j ja es, 3 0 
0) furodo = P5457 3+5logtan(5+3), 
where c=cos 6, s=sin 6. 
10. Prove that 
sin 2n0 sin (2n—2)0 
(a) [eosoao mi a sd 
9n (2n — 1) sin (2n — 4)0 
PG p We 3 AC Uy did Teese 


MS dato Dy SADT e] 
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sin (2n+1)0 
2n +1 


cox 1)0 
—1 


NC +1)2n vehi 3)0 


(b) cos 9do— A. | +(2n+1) 


1.2 EIE D 
+ Geta. +9) sin 0]. 
4 Dt 2 in (2n — 
(c) | sin” 040 -C ia DE mA da 

PUES - 1) sin (2n — 40 

.2 2n —4 

n—, 2n (2n — 1) ... (n +2) sin 20 
A .. 45-0 1 


4 2n(2n — 1) ... (2+1) 
pelayo ine aid 7 


(d) |sinz* gqg— (- il EZ (2n ny aer Pe E 


A] 
[BERTRAND. ] 


232. INTRODUCTION OF THE GAMMA FUNCTION. 
For what follows we shall require a new function T(n+1), 
which will be defined sufficiently for present purposes by the 


equations 
T(n+l=nI(n), I(1-21, I(J-Jr. 


This will be enough to find its value whenever n is a 


positive integer, or of the form As where k is a positive 


integer. 
For instance 
T(6)=5T (5)=5.4T(4)=5.4.31(3) 
=5.4.3.21(2)=5.4.3.2.11(1)=5!, 
T3)-iT3)-3.1T (73.5. $T (73.5. $. 2 (0) 
-1.5.8.8.4 T 0-8. 1. 5. 8. 3n. 
This function is called à Gamma function. We shall define 
it more generally later and investigate its properties. For 


the present, it is temporarily introduced to secure facility in 
the rapid evaluation of a class of integrals to be discussed. 
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233. It will be noted that the products of the first n odd numbers 
1.3.5.7...(22—1) and of the first n even numbers 2.4.6... 2n can be 
expressed in terms of this function, for ; 


2n +1 Qn—1 2n—8 2%M-5 1 - 
r( 2 )- “Mans 13 $T 
nU 2n 2n—-2 m 4 2 
and | r( v Shon eg 
B mE 
q 
and 2.4.6... 20= gr (ont. 2T(n+1). 


7 
254. To investigate a formula for | sin” 0 cos*0 dÓ, p and q 
being positive integers. di 
Let this integral be denoted by f(p, 9); then since 


* pl +1 re 
[sin"0 cost dé = Sin" 0 cost"? | p—1 faine- cost de, 
pq P+4q 
we have, if p and q be joies gud and p not less than 2, 
y 2, 
Fo D= 5 Y P fip- 9). 
Case I. Let p be even, =2m, and q be also even, —27. 
Then — f(2m, 20) = gr cif em 2, 2n) 


(2m — 1)(2m —3) 
= (Gin 3n) (am + on —3j/ (Em 4, 20) = ele, 


(2m — 1)(2m —3) . 


j aa ara 2 
f 2n—12n—-3 1 r 
and (0, 2n)= [ cosmo d9= re 
^. f (2m, 2n)= see -aim E 
2m+1 HOHH 
gmin T — "m 42 9 
ptl q+1 
PA 
ar (PEt 41 
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Case IT. Let p be even, =2m, and q be odd, =2n-— 1. 
Then 
2m 


f(2m, 2 1)=7F(2m-2, 25 — 1) — etc. 
(2m —1)(2m —3). 


—(2m+2n— Gm a ÁS 2n — 1) 


2n —9 i 2n —4 2 
2n—1 2n-3"" 3” 


[1.3.5... (2m — 1)][2. 4. 6.... (2n — 2)] 
£e. fm, $n t) 1.8.5... (2m 9n — 1) 


FJ) 
Qu "Tr 2m+2n+1 


Jz 2 
TE) 


and S(0, 3-1)» (. cos?^-1 9 q9 — 


2 
or (Pets 


Case III. Let p be odd, —2m — 1, and q be even, =2n. 
In this case we obtain similarly 


[2.4.6 ...(2& - 2)][1. 3. 5 ... (2n — Mm 
1.3.5... (2n--2n — 1) 


But this may also be deduced at once from Case II. by putting 
-$- $, 


f(2m—1, 2n)= 


for then ['sinr0cost9d9= f cos? $ sin* $ ( — 1) d 
1 


— | sin*$ cos? de, 
0 
so that F(p, q)-f la p). 
Hence the result is again 
et?) (2) 
rears 


ar (2£24.1) 


Case IV. Let p be odd, =2m—1, and q be odd, =2n—1. 
agm- 3, 2n — He etc. 
ot (2m — 2) (2m — 4) .. 

~ (2m -2n — 2) (2m 4- 9n — 4) .. 


f (2n — 1, 2n-1)— 


aee "mu 


1 : e ca 1. 
and fa, i -)- [ sin Ó cos?" '646-| - R1 
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[2. 4.6... (2n - 2)][2. 4. 6 ... (2 — 2)) 
F 9.4.6 (2m+2n-2) 


eri 
bk m ra 
2 


Aa) 


zr(P 741 


^o f(2m-1, 2n-1)= 


235. Hence, in every case we have the same result, viz 


A +1). /q4+1 
f siwo ENS LL ui 
o or (P5441) 


and it will be noticed that the 22141 occurring in the 


denominator is the swm of the F and the qe in the 
numerator. 


236. As it has been assumed that p is not < 2 we must consider the 
particular cases p=1, p=0 separately. 


p cos*19] 1 
binas p=1, Í, sin 9 cos*0d0 =| — al 


"e e 106 


, ' (E = g+ qii 
2T > 2 5 


Hence, this case conforms to the general rule. 


1 /sin\" (n-1)(n-3)...1 
When p=0, Eden 1 s (n even) 


(n—1)(n-3)...2 


(n odd). 
In the case 2 even, the above result may be written 

ud (En 1\ (n+l 

— T(— a alt a 

NT $ 7/4 7, r (3) r( 2 ) 


A PV 1.0. , 
ry ga 9? n+2 
2 r(^i* mt 
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and in the case » odd, the result is 
C) rre) 
2 
oF pet) 2r ES) 


Hence these cases if conform to the general rule 


Seance) 


[ sin ocos 046 Tet TZ 
9 


which may therefore be assumed in all cases where p and q are positive 
integers. 


237. This, then, is a very convenient formula for evaluating 
quickly integrals of the above form. 


z 7 9 
Thas, [sin 0 cont0d0—=— () els) 
de lo a AA da ts A 
.7.6.5.4.3.2.1 
M 5 
— gl" 


If, however, the limits be other than 0 and am integral 
multiple of p we must find the indefinite integral either by 
a reduction formula or by the method of Arts. 114-117 
before inserting the limits. 

238. Integrais of form 

Ly = ans dx, where X=a+bx+cx?. 

[This form obviously includes all such cases as 


_ de a” (a+ bx+cx?y 
lotto cosy Jesum | qm e 


f dz a” dx (r— p)” 
a"(a4-bz4-ca*)' JJa-Lbz--cx3? JJe2+ax+b 
I. Consider the case when m=0, ie. 1,» [x ? da. 
Put P= (b+ 2cz) X. 


dz, ete.] 
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dL =20XP4p(b4 2x) 7 
= 2cX? + p(b? —4ac-- 4c X) XP"! 
=(2p+1)2eX? 4-p (0 — 4ac) XP-t; 
^. (b4- 2cx) X? 2 (2p -- 1)2c1, , 4- p? — tac) Lo, p-1> 


; ma, (0+ 2cx)X? p(0$— 4c) f... 
we. | fa a Ras DI ES (A) 


This reduction fails when 2p+1=0, but in that case the 

integral is [rr and has been considered in Art. 80. 
E X a-|- ba -]- cx? 

The formula (A) will finally reduce the integration of pras 


Then 


to that of something of the form [x * dz, where s lies between 


0 and 1. If s=0 or 1, the integration can be written down. 
2k+1 


Hence, in all cases where p is integral or of form 3^ where 


k is a positive integer, the integration of pras can be effected. 
2k+1 
If p be a negative integer or of form — + 


, we can 


apply the same formula to lower the index in the denomi- 
nator, viz. 
* (b4-2cz)X* 2(2p+1)c 
VT dose m id P. 
Entrá pt] E ^ 
or writing —p for p, 
de (b4-2cx) 3 is (2p—1)e f dr 
; n= p(b—4ac) X? ^ p(b?—4ac) J X» 
IL Next, consider the case when m=1, %.e. 1, ,7 [and 
Put P=", 


2° =(p+1)0+202) X*; 


i. Xr =(p+1)0 |X” d242(p+1)0 2X” dx ; 
ett b I 
2(p+1)c 2c ^" 
and the last integral has been considered. 

This reduction fails when p — — 1. 


$ ies 
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c dz 


But this case is Lam [oct 


required. 


235 


and no reduction is 


239. In the case when m=—1, i.e. 1 ,,- zZ dz, put P= X*, 


Then dP = p(b+ 20r) XP-t 
=" [bz-- 2 (X —a— bo)] X7 
-»|--—— yer- 
=—2ap T. gari RE, 

[demas 5 (27 T (= de, 
4 ta b 
that is La + gto O ya eM neta. ( 
240. In the case 7, = A put 


ya+bx+cx* 
P=x""4a+bx+ e. 
am (b-4-2cz) 


dP _ T" s 
dz" (m—1)a" y a+bx+ cx +s ara 


_2(m— 1)(a+bx-+ cx?) 4- ba+ 202” m- 
2Va+bx+ ca? 


(2m 


ee ee oar 


which connects Im with I, , and Jm- (unless m= 0). 


Now 15 Lis 
1 JVa+bz+ ca? 


LA ( b--2cx dai yd 
"I J/a-- bz -- ca? ipee) 
=) Japri ly 


and J, is discussed in Arts. 80. 81. 


www.rcin.org.pl 


C) 


236 CHAPTER VI. 


241. III. In the general case Inp= [aX ? dæ, since 


a+bx+cx? = X, 
we have gm? Y» — qn-?(g4-bz-1- ez?) X?, 
and therefore 
Ls pant. a POL TG Ole, ,. ...... 1. (D) 
Again, let P=x"-1X*H, Then we have 


do e (m—1)271 XPH 4-(p--1)27-1(5--2e2) XP 


d 
=a"? X? [(m—1)(a+b2+ cr?) +(p-+1)(62+202)] 
— (m —1)az"-? X?-E- (m 4- p)bz-! X?-- (m 4- 2p 4- 1)ez" X" ; 
. g"-1 yen 
—(m-— 1)al,., p +(m+p)0L m-1, ,4- (m--2p 4-1)c1,, p ... (E) 
Eliminating I, ,, between (D) and (E), 
a” XY*H — (m —1) Ine, 94417 (p4-1)01, ,,4-2(p--1)cl, p (E) 
We thus have, collecting the results, 


gant ES ds 
=af am x» da b fam xr dete f am X*da, CI (D) 
(m 4-25 +1) e fane da 
=g" Y". (m— l)a [actam ep [amar a (E) 


[722 
QT AD Amel 
=Ap+De Ap+De 
or, writing —p for p to adapt them to the use of cases in 
which the index of X is negative, 


gm? 


í am- yon day |e" Xraz ; s (F) 
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(m—2p +1)0 ("pda A 


gm gm gm i 
=a (m—1)a [^ da—(m—p)b | Y? INE eed cci) 
am 
y de 
1 a" (m-—1) fa"? j 
"=D tem m x E 
242. Remarks. 
The case of p= — 1, in which formula (F) fails, is 
gn 
I, -1 a da. 


But in this case we proceed to partial fractions, and no 
reduetion is required. 

Equation (D) (p positive) expresses one integral in terms 
of three others, with a lower power of X at the 
expense of introducing higher powers of z; and 

Equation (D raises the power of X in the denominators. 

Equations (E) and (E') reduce to integrations with the same 
powers of X but lower powers of z. 

Equation (F) connects with two integrals, in both of which 
the index of x is lowered, whilst that of X is 
raised in one integral and remains the same 
in the other. 

Equation (F") plays a similar part for the negative index of X. 


243. Integrals of form 
m n (pray _ 
[aveo (a 4- bz 4- cx?)^ dx, or (43 hodie s 


obviously come under the heading discussed, after trans- 
formation, by making pz--q — y, which transforms a--bz-|-cz? 
to the form A+ By + Cy?, where 


Ap'—ap'—bpg-rog", Bp"=bp—20q, Cp*=c, 
and [petaym(at been!) dz 


becomes : fara + By+Cy?)" dy, 


and similarly in other cases. 


238 CHAPTER VII. 
The particular cases where b=0 or c=0 come under the 
heading of those discussed as f gm- (a-I-ba" dz in Art. 217. 
dx 


244. Integrals of form J,,= I aa n a 
(q+ po)" a + ba -+ ca? 
may be regarded as coming under the head of those discussed 
in Art. 241, for the substitution q+pæ=y immediately reduces 
them to that form. But as this form occurs very frequently 
and is of considerable importance, it is desirable to consider it 
independently. 
JVa+ba+ cx? 
Let Pz2—— — —- 
(q+px)" 
Then 
dP _ b+2cx _ (n—1)pya+bx+cz* 
de 2(q+-pa)"Ja+ba-+ cx* (q+px)" 
_(0+2cx)(q+px)—2(n— 1)p(a+bx4 ca”) 
2(q 4- pz ^ /a-4- bz 4- cx? 
_12A+p(9+p2)+v(q+pwY 
2 (q+px)"Ja+bx+ cx? 
where A+ uq 4- vq? 2 qb — 2(n —1)pa, 
up + 2ypq = 29e pb — 2(n — Y)pb. 
yp? =2pe—2(n—1) pe, 
from which we obtain” 
A= —2(n —1)(ap*—bpg - eq*)/p, 
p= — (2n —3)(bp — 2eg)/p, 
y — —2(n— 2)c[p. 
And 2P —AI,-4-u1, +vln is the formula sought. 
That is 
y gh 2 
2(m— 1) 22 —"Pa-reg vpn E 


; Say, 


- 


_ 24a-4-bz--ca? bp — 2cq c 
“i Gp —(2n—3) frag I,.4—2(n— 2) Ts 

The case where n=1 is given in Art. 287, whence J, can be 
found from the present formula, in which the coefficient of 
I,., vanishes when n=2. Then J,, J,, ... can be successively 
derived. 
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245. The integral 
M+N da 
(pz -r 3)" Jax*--bxz4-c 


may be written as 


[eren AM) 
J,— FT de 
(px 4-9)" Nax* -- bx 4- c 


.M "+ Pp Mg Li 
p ^ 
where Z, is the integral discussed in Art. 244. 
This therefore constitutes a reduction formula for Jp. 


But both this integral and the more general integral 


ds Mz+N dx 
(Az?+ Bx+ OY" Jax*+br+e 


are more conveniently evaluated by differentiation with regard to one 
of the constants involved, q in the one case, C in the other, as explained 
subsequently (see Art. 364). 


246. The integrable cases. 
Denote 1,,- =fonx ” dx for shortness by (m, p). 


The special cases 
(0, — 1), (0, — 3) (0, 3), (0, 1) 
are all simple elementary integrals whose values have been discussed. 
Formula (A), which connects (0, p) and (0, p — 1), will therefore continue 
the series both ways and yield 


(0, 38) (0, +2), (0, +8), (0 +3), (0, +4), ete, 
i.e. (0, +k) or (o, ¿En 


where £ is any integer. 
Formula (B) connects (1, p) with (0, p), and therefore contributes the 


integrals 


s+?) 
2 , 


(1, +4), (1, + —5¿— 


where £ is any integer. 
Formula (C) connects (—1, p) with (—1, p—1); and (-1, —+4) and 
(—1, +1) are simple cases already discussed ; 


E (—1, —#), (=k —$), ES 1, -t) etc., "| aro contributed ; 
and (-1, +4), (-1, +3), (-1, +8), ete. 
asalso (—1, +2), (—1, +3), (-1, +4), ete. 


£e  (-1, +h), ( -1, 4 222) are contributed where £ is any integer. 
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Formula (D) connects (m — 2, p+1), (m — 2, p), (m — 1, p), (m, p) 


n (0, p 1), 


(0, p), 


(1, p), 


(2, p) are connected, 


(1, pl) (1, p), ba iia (3, p) are connected, 


(3, +2), 


(4, +£), 


etc. ; 


- (2, +2), (s. ny 


(3, + En EH are contributed, 


(«ate 


Formula (E) connects (m — 2, p), (m — 1, p), (m, p) ; 


therefore also (—2, +4), ( —2, 


(-3, 


+), (- 
etc. 


2H) 
i8] 


3, MED, | 


2 


Hence all 4ntegrals of form 
fumar dx, where X=a-+bx+cx*, 


are contributed, 


can be integrated in finite terms when p is of form +k or 


9k--1 
* 


247. 1. Taking 


EXAMPLES. 


, and, m, k are 4ntegers positive or negative. 


EOM b4200 | 2(9p— 1)e f dz 
Art pbX? pk Ae 
where Y=a+bx+cx? and kz4ac — b? 
rod dx _b+2cx 2c [de 
P ^c ry» 
ice pehi PE de 

Ae k A1 EX) PJA 

dz s 5e +) dx 

Zu" DES (apt 3ky: t M. RE SÍ 7 qu 


[BERTRAND.] 


-1 
2. Show that if Z,= Í Tda, then c£, 51, , + aln- = =, and prove 


WWW. 


ro 


í 
IU 
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de x= b b*—2ac [de 
Deduce Í Y 752734108 A+ Y 
dx x? bx b*—ac Bac—b?, [de 
A ga ak ge à [y 
3P [BERTRAND. ] 
rove 
da gw a b fdr 
zX 32a Y Fa) Y: 
and deduce 
dr b 1 ,Ó—ac, <? b(3ac—b?) (de 
PX ate at a | Y; 


[BERTRAND. ] 


(The value of | zi occurring in each of these results is given in Art. 80.) 


4. If X zac bz cz?, agus that 
get Le. AN E 
dx Ey 3 


RARE E Zop ia " 


[BERTRAND.] 
5. Prove that if X=x*+ax+a2?, 


2 2r+a yy -1 
z E, e 
EE am T 4 
(St. Jonn’s, 1889.] 
6. Prove that if X=x*+x+1, 


dz 1 Vbi Y Basel! rte aed 
(a) [Szi 5-35*22 N3 tan J3 è 


de  1+2x 2(2 
(0) ffe 


7. Show that if p be a positive mam and X=x*4+x+1, 


da 
(a) f (a ru 
_(142z) (2p — TE 1, (2p-1)(2p-3) 4] 1 
3 p» p(p—1) \3/ Xr"! " 1)(p—2) \3/ XP=4 
(2p — Do deel Li gai.) 
odii p(p-1).. (6) X 
(2p - 1)(2p —3).. E: 2V n-1204-l 
De necari wa) E 
(b) [— —À5— 2» ^ being a positive integer, 


(224241) 2° 
1+2% 1 9 (n -1) 2 93 
e = Mos EI 
A [- +e 
(2n — 1) (2n — 3) (2n — 5) 13 re 


i» uec ey E re 


+ 
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248. Reduction of /, — | => XC PIN dæ 
Ja 4- ba? + ext 
Let XY a-Lb2?--cx*, and put P —a^-5J X. 


'Then = = E Xans DEEE) 
_(n—S3 jar (a 4 bxa?+<cxt)4ban-?4 2cgn 
i JX 
ime 1)ca" + (n—2)ba"-* + (n—3)aa™— i 
JX i 


^ ans X (2 1)eI 4 -(n—9)01, .--(n—3)al, ,. 
249. Integrations of 


(i) [eos px cos” gae dæ, (ii) [es po sin" gx da, 


(ii) [sin pa cos" ga dx, (iv) [sin px sin” gx do, 


cos px 


da, etc. 
cos” qa: 


including | 


There are two classes of reduction formulae for such in- 
tegrals. 
We may connect 


[es px cos" ga dæ with feos px cos?-? qa de, 
or we may connect 
feos px cos"gx dæ with [esto — q)« cos” qz de, 


and the like with the other three cases. 


250. First, we consider the former class of reduction. 


(i) Let 1,2 [cos px cos” qx dx. 


Then 
1,= a s” qa 7 [sin px cos?-19z sin qx dx 
== eos" a oF t cos?-! ga sin qc 


Han ={- dicte sti] 
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YY 


sin px 3m. . 
uL cos" qax — pi cos pz cos" qx SIN qz 


2 
+H [cos pxí—(n—1) cos"-? ga+n cos" gx} dz ; 


26592 n-1l 
zi ( OF a= OO sin pz cos qa — nq cos pz sin qx), 


p sin pz cos qr—nq cos pz sin qe 
o T O a dnd 
n(n— DF; 

pt 
Pp sin pz cos qz —nq cos pa sin qu 


dw 1 x 
"e E pr mecum cos? pa 


. = —1 
+ [,=cos*-!qz 


n—2* 


Hence the reduction formula may be written more com- 
pactly as 


". cos?px d cos"qy n(n—1)q? rt 


pi—wgidzcospr p- wg 

By successive reduction, the power-factor cos”gx may be 
reduced either to cosqx or to unity, when n is a positive 
integer, and the integration ean then be completed. 

If n be negative (=—m), we can, by solving for I, ,, 
express the same formula as 


cos?pz d sec"qr — p'- mq? 


I m= ~ m(m 4-1)? dz cos pa mm Tyg 
- eos pz 
and therefore a reduction formula for peta z% is also 


furnished. 

Similar work and remarks apply to the other three cases, 
(ii), (iii) and (iv), but it is desirable to consider them in 
detail. 


251. (ii) Let I„= | cos pz sin^qz de. 
Then 


I == Ti sin" qa — — "4 [sin pz sin"-!gz cos qu dz 
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sin?-!gz cos qu 


SNP? ina qz— nq E pc 
P Pp P 


+ e is (noe 1)q sin*-?qz(1— sin?qx) — q sin"qx} de | 


X sin? gz + cos px sin”-1qx cos qu 


HS T [eos qx ((n — 1)sin"-?qz —n» sin" qx} dz; 


n—l 
A (i- as y. "SE y (psin pesin q€ --nq COS px cos qx) 
—n(n— GI n—2) 


(p sin px sin qz-]-nq cos pz cos gz) 
pi —niq? 
_n(n—1)g 
A noe 
i _ costpx d sin"qr m(n—1)g* Ps 
"t n pi—wqidzceospr p— ng? 


PI arp 
» ¡Li =sin"-+qx 


252. (iii) Let I,= f sin pz cos" ga dz. 
Then 
I ,=— ees cos" qz 2 71 feos px cos?-1qz sin qz de 


COS px 


= — ——— ceos^ qz — “4 E E 
P P 


cos?-1qz sin qx 
Ti n 
BL. (—(n —1)q cos”-2qx (1 — eos?q) 4-q cos^ qa) de d; 


252 3n—1 
"5 € a ae ee Las (p cos px cos qz -- nq sin pz sin qx) 
n-25 


—n(n—1) I 


PUE II a ai o o Ls a qe 


png 
n(n— 1)g? 
e ee 


sin?px d cos"gz n(n—1)g? 
png de inpe png 


D .€. I x n-2* 
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253. (iv) Let I, [sin px sin" gx dz. 
Then 


I. -E singe +3 [es pz sin?-!qz cos qu de 
cos pz . ng[sin pz . , 4 
z———— gm” AP sin £ COS qx 
IL a 


E (n—1)q sin?-?qz(1— sin?gz)— q sin" qx} de | : 


2692 at 
Y (Ar iqa (p cos pz sin qz —nq sin pz cos gx) 
(01) GI n—2) 
. 1 SET 1 
y T. Lade tq te ee 
poem 
i50 y 
p 2 — n?q* n—32: 
ie. ts Ad dur cad "PA 


254. The four results are therefore 
cos? pæ d cos"gz 
p? —n?4* dx cos pz 


feos pa cos”qa dx = 


n(n—1)g 
B 
cos? px d sin^gz 
p? —n?q? dx cos pz 


feos px cos"-?q3 d. 


[es pzsin^qz dz— 


_n(n—1)g* 
p—wq 
sin?pz d cos^qa 

p*—n?g? de sin pz 


[oos pz sin?-?qz da. 


[sin pz cos?qz da = 


_n(n— Dg 
MS Sk a 
EZ d sin"gz 

p?—n?g? de sin pz 


L Ísin pz cos"-?qa da. 


[sin po sin”qæ da — 


n(n—1)g? 
g png? 


- [sin pz sin"-?q3 da. 
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That is, if A stands for the first factor and P the second, or 


power-factor, 4e. I,— fa P dz, we have, in all cases, 


d P 
(p?—n*g?) 1,=4* Sa) (DeL. 
or (pm ATP P (n PL 


Writing -m for n, for the cases where n is negative, we 
may write this as 


m(m + ljg T mam 4 e Lp —-an?q?) I a 


255. Such formulae are more particularly useful for negative indices 
of the power factor. For if the integral sought be, say, 


Í cos 4z sin* 3x dx, 


the “multiple angle” process for sin*3x will be more convenient than a 
reduction. 


Thus, sin®3x= 5 ai l (sin 15r —5 sin 9z4- lOsin 37) ; 


-. cos4zgin*3r— > l (sin 19z--sin llv) — 5 (sin 13z-F-sin 5r) 


+10(sin 7z — sin z)], 
and the integral is 


PL 19 M -o»:19 5 7 1 


l] [cos 19x cosllx 5cos 13x 5008 5% , 10008 Tx _ Bo] 


But to integrate E Lu dz, this process is useless. Therefore we 


E 
change n to —n in the second of the formulae of Art. 254. 
Then 
| cos pa costpx_ d secpr  p'—w'g* f cospe 
sin*?9r" n(n+1)g? dx sin"gx  n(n4-1)g* J sin^qz 


5 


whence 
"cos 4x qe cost4x d sec 4x n 13.5 ¡SS 
| sinàr '" 3.4.9? dx sin*3r 3.4.3?) sin®3x 


a IE . €os*4r d sec 4x dsd d esi: 
sin?34 " 1.9.33 dr sinss 1.2.33] singe ^? 


whilst 
cos 4x 1 1 1 5 
IE: 3x da =3] € x sings ein z) de 


1 £:1 3x 
= g log tan 5 — ¿log tan y t2cosa; 
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hence 
¡ES iJ cos'4m d sec 4a , 13.5 (cos?4vy d sec4x 
sin’3z ^ 3.4.3?drsin?3r 3.4.35 11.2.3? dz sin3x 
1.1 (fe Ku 3x 
- La s Flos tang - pog tan % +2 cosa )] 


=etc. 


256. For the second mode of reduction, mentioned above in 


Art. 249, we may connect I, ,, that is [os pa cos"qz dz or one 


of the other cases with 
Fama onde uolo, 
To shorten the expressions we shall use the notation 
Cp for cos pz, 8p for sinpz, etc. 
The mode of procedure is the same in all cases, viz.: 
Put P=the power factor x the complementary function of 
the other factor. Differentiate and rearrange. 


(i) Doom br Cp Ca^ da. 
Let P,2 8,504". 
Then e = pcc," — 108,0," 78, 


=c" ((p Tm) Cp" — 46, 4] ; 


S P,=(p+ nq) eq" dz—nq m E T da. 


(ii) Tan [ern da. 
Let ys P,=8p8g". 
Then p = pcy8," + nqs58,"7! c, 


=8"[(p + 2g) cps 4- 198,4] ; 
` Poa=(p+nm9) fosos" da + ng fpa 8" da, 


(iii) n= [nen da. 
Let P = 050,7. 
Then dP, = —PSpCg” — NCpCq” 8, 


= — 04" [(p +99) 8,0; 48,4] ; 


^. IAS —(p+ng) [se^ dz ng [ss ue? da 
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(iv) I n= [ss da. 
Let P,=Cp8."- 

dP, UR 
Then ro = —p8,8," + qc, 8,"71c, 


= —sn[p-429)8,5,— NGC pq) ; 
> Pim corno feys da+ ng fonus" da 


We thus obtain the four results : 


(1) (p4- n9) [sends s, ess qi da. 
(2) (p+n9) |c,8,” dz — sg [sunt 
(3) (p+nq) fs, e^ dE = — 0,6, ra d E 


(4) (4) fs, s” dz — —c,8, eng fe hang Sigh? de 


Thus an integral of the first kind connects directly with a 

lower order integral of the first kind ; 

an integral of the second kind connects directly with 
a lower order integral of the fourth kind; 

an integral of the third kind connects directly with 
a lower order integral of the third kind; 

an integral of the fourth kind connects directly with 
a lower order integral of the second kind. 


Thus to connect an integral of the second or fourth kind 
with one of its own kind, a second operation is necessary. 


For example, 
(p +7q) [os da = 8,8, "—=ngfs 48,7 1 da 
=8 Pe NADA PORTA V Oy rng [e ptt do], 
ph Up-qRn-Igq o 79 


which connects Jessi da with [on 822 da, 


and similarly for fs s,” dx with IL psa rdi n tuos 
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257. Avoidance of a Reduction Formula. 
For integrals of the classes under discussion, viz. 


feos px cos?qz dz, etc., 


it is often convenient to avoid a reduction formula altogether 
so long as n is a positive integer, when we shall require to 
put the power-factor (cos”gx in this case) into cosines or 
sines of multiples of qx, as seen in the example in Art. 255. 
Proceeding as in Art. 112, the formulae required are: 


2* cog" 0 = (ve) - ete. 
= 2 [cosn0-- "C, cos (n — 2)0 4- "C,cos (n - 4)0 + ... +K], 


where K = ibas DE AAA (A) 
(3) 
or STs Wes haat if n be odd, ......... (B) 
373 
2»-Y(— 1)? sin"@ = cos nO — "C, cos(n — 2) 0 
+... +(- 1)? if n be even; (C) 


n! 
"WM 
2(5!) 
n-1 
2^-1( - 1) ? sin^0 —sin nO - "C, sin(n — 2)0 
=} n! i 
+...4(-1)? ———sin 0 
A EMT 
2479.4 
if n be odd. (D) 
Then taking 0 — qz, 


27 cos^qx cos px =a series of form 22 K, cosrz cos px, say, 
= Z2. (cosr+px +-cos r — pa), 

3 E A sinr+px sinr- pz 
and [cos pe cos qeda=5(K, PIA — ——-HYK, reet) 
taking due account of the final terms. 

Similarly we may proceed in the other cases. 

The formulae (A), (B), (C), (D) ean be readily reproduced as 
explained previously in Art. 112 for any particular value of n 
for which they may be required. 
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Ex. Í sin 2z sinf 5x d. 


2*/5sin* 8- (y -:) 


^ taking 0—5z, 


1 1 1 
Proy 5)+15(91+ 7) -20 
2 cos 60 — 19 cos 40 + 30 cos 20 — 20 ; 


sin*bzsin2r— — ale sin 27 cos 30x — 12 sin 2: cos 20 


and 


fein 2x sint5x dx= 


+30 sin 2x cos 10x — 20 sin 2x] 
=-5 J {sin 32.7 — sin 287 — 6 (sin 22x — sin 182) 
+15(sin 12% — sin 8) — 20 sin 22], 


258. The Integrals 


am 
(3) f 


In case (1), 


cos?z 


Los n na PS 


dx 


2 cos z cos(n — 1)z — cos(n — 2)x 
| cos? x 


= 20 ps > In. 


In case (2), 
_fsinne ,  (2coszsin(n— 1)zx - sin(n — 2)x 
ML de=| cos? x de 
- 2T, s, p-i — Imp . 
For cases (3) and (4), let 
COS na: sin nz 
I, | sin?z de, Ju, | sin? gs 


In case (3), 


Rs E ir na ite 


sin? x 


In case (4), 


rs es na aga 


sin? x 


[- 2 sin g sin (n — 1)z-F cos(n — 2)2 Iy 


sin? x 
= 2S ai p-id- Los 


da 


2 sin g cos(n — 1)174sin(n— 2)z 
sin’ x 


= 2E i pay +I n_2,p- 
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1 [eos 39x | cos 28v _ 6 (= 227 cos ar) 


2 32 28 22 18 
cos1l2x cos 8x cos 22 
+15( dE )- der i 
cos NH dx sin næ 
2 
ius op (2) gom a 
0086 NG e sin na 
4 - $ 
sina; 7* ( ) sin’ æ de 
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The cases (1) and (2), therefore, reduce to lower order 
integrals of the same form. 

The cases (3) and (4) reduce to lower order integrals, but in 
each case the forms are partly interchanged. 


It may be worth noting that in the form E na 


EDT dz we 
might as an alternative method express cos nx as a series of 
powers of cos z and integrate each term by methods already 
discussed. 


If n be odd [22% 


expressing sin ng as a series of powers of sin z and integrating 
each term. 

If n be even sin nz contains a factor cosg, and the integral 
is immediately obtainable; e.g. 


i -2 
[sg da [m sin?z) 


Sin na dz may be treated similarly by 


sin’ sinó x cos x de 
=| (491-872) ds= EM. P 


3sinéz sinz' 


Similar remarks apply in the other cases. 


cos? cos*z 
cos 3x cos 22 y cos 3. rd 
29 [2 dz — | i de |- ¡ES a 
cos y cos?r cos 


=4f (4 cos? x — 3) D. 


259. Ex. 1. IE Las [S cos 31 


- Í (4 —3 secta) de 


=8(.+ ue — 12x — Ax +2 tan x — 4x +3 tans 


=4sin 2z -129z--5tan x ; 


or otherwise, and more readily, without a reduction, 


cos 52 16 cosóx— 20 cos?z + 5 cos x v" 
cos? x costa 


‘a {8 (1 + cos 2x) — 20 + 5 sec? z} dx 


=4sin 2z — 12x +5 tana, as before. 
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Ex. 2. ¡ESE [Beas + [SS ae 


sin? x sin?x sin? 
=-2[2 [$Z a + [Sez de 
sin x sin?z 
sin 2c y cos x 
+|- 2f nta ^ a+ | Sos 
=- 4 | (cota —4sin z cos x) de -8 | cot zdz 


+ [ode 


sin? zx 


in? 
= 1677 * —12 log sinz — 


2sin?x 
= 8sin*x—12log sin z — $ cosec?z ; 
or otherwise, and more readily, without a reduction, 


= 2 4y 
¡EZ PE 12 sin k+ nt 5d did 
sin sin? x 


= —$cosec? x — 12 log sin x +8 sin? x, as before. 


260. Integrals 7,— IE: <i do, J,= pas Fr = 
cos px sin pæ 
= (ee APN sin^-?pz(1— cos? ps) Tm 
" Jeos px COS px 


= — feos pe sin"-?pz dz - I, 5; 
| Sin""!pz 
I, - (n—1)p 1)p Fant 
a [cos"-2pa( 1—sin?pz) 4; 
E aen 7 o 

: =-— [sin px cos” ps dz -- J 4»; 

_ eos?-lpg 

n= — td n 
(n—1)p 
Also since 


h = [ton po da = 5log sec pa, 
1 _ Sinpz PE cc 
¿= = [tec px —cos pz) dx = » +> log tan (E + 7) 


J,- = [ex pz da = - 5log sin pz, 


TF, 


cos pa 
—— +- Lm tan*> 
p p 8 


J,- [{cosee qx — sin px) da = 
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we have 
sin?" pg _  Sin?^pg sin?" px 
s ~ 2n—1 ?n—3 — 
sin?pz sin px pr, 
ila DDD Une + log tan ( 9 +3) 
m P sin?^pz ix sin?^-?pg 
cape 2n 2n — 2 
^W rE 
pe Ps QuE pe + log-sec pz, 
B 2 
cos?" px .., 'eosi"-ipng  coste-3og 
f sin pz == 2n—1 2n —3 
¿E aom pz +log tan BZ, 
costntipg, — — cosimpx cosim-%x + 
| sin pa ^ 2n 2n—2 °°" 


4 2 
UPS 0 + log sin pa. 


261. Integration of 
[Es P ay Es PE lx 1% D ay E DV dy. 


cos qa sin yx cos qx sin qa 


(i) We may regard p, q as integral and prime tc each other 
For if p, q be fractional, => and 2 respectively, let 
1 2 


R 
a ZIP ES 
be reduced to the forms 5? -8 , 


where S is the L.C.M. of s, and s, and R,, Rg are integers. 
Let x=Sy. Then 


cos cos cos 

E (pz) 3 jT Er (S) rj: sin (y) dy 
cos cos 

sin (q7) sin (S S de n Fay) 


Hence we only need to consider the case where p and q are 
integers, 
The signs of p and q are also immaterial to the discussion. 


Y 
WI YÀ 


VV V 


WV V 


rr Crd | 
VV cin . Ul C 
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Again, if p and q were not prime to each other, let @ be 


Then 


eie 


the G.C.M., and let p= G»', q — Gq’, and let z= 


a (Gp2) — (un) 
PS "e dy, 
S C22) zh y) 


where p' id g are prime to each pu 
Therefore we shall need only to consider the case where pd 
are positive integers, prime to each other 
(ii) Supposing pq. 
Since cospx+cos(p—2q)z=  2cos(p—q)zcos qz, 
cos pz —cos (p—2q)x = —2 sin (p—q)z sin qz, 
sin pz--sin(p—29g)z— —2sin(p—q)zcos qz, 
sin pr—sin (p—2q)1=  2cos (p—q)z sin qz, 


we have 
COS PE 7 y Sin (pe [s (p—29)* 5, 
COS qx p—4 COS qx 
tede 9 “os ip Exe 
sin qx p—q sin qz 
sin PE y _ 9 “os (P—G)% _ sin (p—2q)2 iy 
fex ga "2 pg -f sin qz 
sinpz y Sin e A sin (p—2q)x dz 
sin qz —9 sin qz ' 


Hence, by a sufficient ior of reductions of this kind, we 
can reduce the integration of 


E bao) 
de 
sin (qv) 


to that of another integral of the same form, say 


where P lies between q and — q. 
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Hence we shall introduce no limitation upon our method in 
the discussion of such integrals in assuming p <q. 

(iii) We take, then, p and q positive, integral, prime to each 
other, and p <q. The case p and q, both even, need not be . 
considered, being a reducible case as shown. 

Now 
if n be even, 


| Mower ^W 
7 Sin*a, — sin?z 
cos NL = IL-—————- » 


sin*a,. al 
if n be odd, where a, — (2r — Der 
n-1 
j ? sin?a, —sin?x 
cosnr= cos x II ote 
sin*a, 
if n be even, 
n-2 
. 2 2 sina, —sin?z 
sin ng=n sing coss 11 —— ^; 
ar ARA where i= 
H Up = —. 
if n be odd, ie a 
»-1 
¿ ; 2 sin?a, — sin?z 
sin nz —n sin x II ——-,— — 
1 sin Uy 


And where necessary a factor sin?a, — sin?z can be written 
as cos?x — costa, (See Hobson, Trigonometry, p. 114.) 
Factorizing both numerator and denominator of 


cos 
sin (22) 
con; 
&h (qz) 
the number of factors in the numerator is less than that in 
the denominator, and in all cases the integrand can be thrown 
into partial fractions by the ordinary rules (factors not re- 
peated) and expressed in one of the forms, 


5 A 5 A cos x Y Ásinz 
sinĉa — sin?z' sin?a - sin?z' cos?x — cos?q* 


amd the particular fractions 


Asing A cos x A ät A 
cos?z —-1' l-—sin?z' costx sin?z 
may occur. 
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(iv) Finally, 
sinacosadz _ 
ES —sin?z . 
sin a cosg de _ 
less a— sin?z — 
sin x cos a da _ 
| costx — costa — 
and 
sin x 


lease a ¡= — log tan, ie 


CHAPTER VII. 


cos Y 


athe =log tan(3+ +4). 


Hence in all such cases the integration can be performed. 


It is not essential that the numerator n 


(px) should be 


factorized. It might be expanded in powers of cosz or sinz, 
as the case may be. But the factorization is convenient, pre- 
sents no difficulty, and as a rule is simpler in application, as 
it indicates in factorized form the values of the constants 


occurring in the partial fractions. 


cos $v TT 
cosha `” 


262. Ex. Find the integral Z= Í 
Let z—6y. Then 


1-6 [ay and foe dy =2 siny — [LL dy, 


cos 3y 


by the first reduction formula, (Art. 261, ii). 


E cated 
| pé ae 2 
sin 4 sin?y 
e oe 
sin?— 

4 


cos 2y 
Also JE Son dy dy= 


AE 
sin’? — sin’ 


+ 


dar MEC. 
sin?— — sin?- 


i4 & Rin Soak 
sin?— —sin? sin? — — sin?2 
( 2 Jy 6 y 
ee ijs dm 
sin*1 - sin?— 


T 
sin?=-— sin?- 
6 9 


+ 9.7 : 
sin*z — sin?y 


cos y dy 


2 cosy 


m 1—sin*y 


6 cos y dy 
i T in? 
5 g sin’ —sinty 
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As O IE MM, 
sin?— sin*^ — sin? 


-— zlog tan( 2+7) 
in? 27 27 
sin*z sin ¿7 sin 3 
sin*% -sing J 
+ cosec = tanh taanis 
sin?? — sin?? e sin 
9 6 6 


So far, obvious arithmetical simplification is postponed, so that the 
general process may be exhibited and made clear. 
Simplifying the arithmetic, we shall finally get 


cos 0 m 
IE 12 sing — 2 log tan (2 +7) - 2 tanh '(2sing). 


263. Integrals of form 
a PM Ens die (oe dee [Es boo 


cos a sina cos Y sina 


where p and n are integers, n being positive. 
These are generally integrated as follows: 
First put the power factor in the numerator into the form 
of a series of cosines or sines of multiples of pz, say 
cos 


r sin ("P*)- 
We are then to integrate each term, viz. expressions of type 
in (rpa) 
cos ge 
in O 
by a reduction formula, a case of Art. 261 (ii), viz. : 
a ka dg. 98m (k—1 fen (k—2)x de 
cos & k—1 cos & 
| ka dr= 98 (k— De, [E895 ae, 
sinz k—1 sing 
E ka de= —9 °° (k—1 ds (k—2)x ; 
cos x k—1 cos Z 
sinkr , ^ ¿sin(k—1)x p (k— 2) 
[pe der k—1 T sing da, 


which obviously follow from the trigonometrical formulae 
cos ka + cos (k— 2)x = 2 cos g cos (k—1)z, 
etc. 
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cos?3.r 


Ex. Consider Í 
cos 
We have, taking y= 9m 
5 
25 cos*3x = (v +5) =etc.=2 cos 15x +10 cos 9x +20 cos 3v 


; d 


cos*3àr | 1 ES 15x 5cos9z 10cosé ») 


cos Mi coss cos x cos x 
But - 
fe 15x _28 sin 14x — 2sin12x | 2sin 10% 
cos 2 14 Br: uero: o 4 
_2sin8x 2sin6x_2sin4v 2sin2r a 
8 6 4 2 e 
cos 9x 2 sin 8r _ 2sin 6x ,2sin4r 2sin2x 
pl dx= 8 6 NERA ic o] ui 
cos 3x 2 sin 21 
-—— du = — — —2 ; 
Í cos x 2 
. [cost3x l[2sinl4z 2sinl2x 19 2sinlOr  8sinBr 
: f COS v ~ 98 14 12 10 8 
8sin6x , 8sin 4z , 12sin 2r ] 
C uy 4 4 us 3 —6z |. 


264. Integrals of form 


cos" px cos"px ,  (sin”px sin" px 
¡Es qa dv, sin qa da, pe qa dz, ips qa da. 
These are dealt with in a similar manner to those of the 
previous article. 


First expressing the power factor as 


T NO. a), 


we reduce the integration " b. case to that of a series of 
terms of type 


and proceed as explained in Art. 261. 
55 

CODE y 

cos 4x 

We have, taking y —e5«, 


Ex. Integrate J= Í 


5 
95 cos 5r = (re; 1) — ete. =2 cos 252+ 10 cos 154+ 20 cos 52 ; 


eto cos 25x cos 15x cos 5x ] 
i I= 5 min = e+5f mag de +10 / ede i 
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The reduction formula 
per ads sin (p— ps. [see (p— 29) 1, 


cos qu p-q cos qa 
gives 
€ pre or [ee de 
cos4z ^ | 21 cos 4a: 
. 2sin21z 2sin13« IE. 
1173 13 cos4z 
A new f cose y 
Pe ee 13 5 cos 4a 
cos 15% 2sinllz 2sin3x_, (cos(—2) 
a de 11 3 +f cos 4x gn 
cosór , 2sinr  [cos(—3x) 
and IE 1 -f cos 4x 
Hence 
1 2sin21z 2sin 137 13x lOsinllz, 2sin 5a _ 10 sin 37, 208in a _ K] 
~ 98 21 13 11 5 3 ji i 
where 
* cos x — 5 cos x + 10 cos 3x 40 cos? r — 34 coss , 
k =f cos de d«- | cos 4a dz 
"o int 
=2/ cos. Gu DIM. . sin? sini?" de 
Aou utes AE He 8 8 
sin?- — sin?x ) | sin?— — sin?x 
8 8 
9 sin?7 sin? 27 37 3- 20 sin?” 390 sin227 
8 Sf 8 8 d 
———— | 008% - T 
ain oe Paint sin?7 — sin? in!) — Bats 
8 8 8 8 
AC —20sin?™ | cosec = Tian az 
Tava 8 8 T 
sin = 
8 
-(3- 20 sin? Jeosec 27 tanh- =a ; 
in 
[== 
cos 4x 
Wi 1 EE T 
=g Jr single- i sin 130+ sin lle+gsin 5v- ¿sin 304 10 sin v 
= oe (3 — 20 sin”) cosec = tanh-1 po td 
42 8 8 mm; 
sin = 
8 
3T 3r sin x 
2 "t ont E 
-(s- 20 sin 8 TE) cosee = 8 tanh xj 
sin = 
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265. Integrals of form 
und dæ, adti de, HE dx, A. da. 
acd at sin” x cos? æ 


see sin? x p  fsin?-1z coss 
LER ras | ar am 


sin’ x -P-[ (E sin?-1z cos | 


lp, g= 


N'ES Qija t (q—2)x19-2 
i (p—1) sin?-22(1 —sin?x)—sin?x ] 
Be A 
—2 gi-* 
EME 


ERS, EE [(g—2) sin s+ px cos x] 
* E [((p—1) Ip-»,9-2—PLp,9-2] - 
Therefore, provided qÆ1 or 2, 
(q—1)(q—2)1,,4—p (p—1) Lp-2,q-2+ P"Lp,9-2 
sin?-!z 


= — ma |(0—2)sinz-tpzcosz]. (A) 


This formula will be found useful in evaluating certain 


sin?z 
dx, in the case where 


definite integrals of the form | 


P<q and where p and q are ees both odd or both even 
integers 72; for in this case the right-hand side vanishes at 
both limits. We thus have 

"gin?-?gz 


zx 
(1D -»[* ede ref z dz—p(p— -y| 825420. 
where p+ q>2 cmt Chap. XX VI.) 
266. In the same way, in the second case, supposing g + 1 or 2, 


cos? x cos? L p  (cos?-Lz sin x 
1,7 [A de= Ri cur mw er ums 


cost p ef f  €os?-zsin j 
"Aqcipr*t gle> qee 
P 1 [exe ect conta, | 


q 
p-1 
uc dr [(g —2) cos x —pz sin x] 


sin? g 


Ple 


*. (q4—1)(4—2)1, 4—p(p —1) Los 9-2 +P Lp q- 
cos?-15 ^ 
mera [(g—2) cosx—pz sin x]. (B) 


1 INAINAT m m NA (xen YN | 
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267. Again, in the pei case, 


Ini = fas cosec?x dx = E cosec? z + p 


261 


i foe cosec” g cot z dz 


pee +4 [Fe cose" z:cot zx 


t 3 fe (p cosec” x cot?z + cosec^*?z) dz | 
watt cosec? tHig 
DEF +2) sin z 4- pz cos x] 


—  ——— | 79+ +1) cosec?*?z —14 cosec?z ]dz ; 
+ ron pepe 
`~ (9+1)9+ Lo, —p(p+ 1)I5,5 932 HP Ip. q2 


— 241 cosec? [(g +2) sin z+ pz cosg]. (C) 
268. And finally, in the fourth case, 


= vigo d dpa FEST oet iR s E [ot tsceta tans da 
Ina =| ps q+1 
P ESI 


ESP ol rH [ect 


3 [zt sec” g tan?z --sec^*?z) dz | 
qi *lgecPtly 


n Dem [(g +2) cos x — pz sin x] 


jor on: for [(p+1) secr+2x—p sec?z] de; 
~ (G4+1)(9+2)Lp,.q—P(PH+1) Lp 42.019 HP Lo us 
=x1+ gecr+g [(q +2) cos — pz sing]. (D) 
It will be seen that formulae (C) and (D) could have been 
derived from (A) and (B) by changing the signs of p and q. 


269. Integrals of form 7, = - [zn or fo sec"x dx, included 


as the case q=1 in Art. 265, may be treated thus: 
e | ze [eon de 
cos”z cos"+1z 


: c .  cosz--(n--l)rsinz 
SEHE mio E lana a 
ceos^t!g cos"t?g 


sin x sin x pr —eos?z 
cos"g  )Jeosr+ix T 08 £ 
sin & l4 


"M ia Roose O TING AT 


“AANANN FO IA TAKA a 
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Therefore 
¡a PEAS onem 
(n+1) TERE n cos"t1g AI, 
NL Sin 2— cos z n 
or | hin Lycee Lai T^ 
or, changing n to n —2, 
_ (1-27 sinz—cosx ,n—2 
Li ^(n —1)(n—8)cosn-iz n —1 jb Tu vet) 
Now, ; 


I, = |æ sec?z dz =x tan z 4-log cos x 
and 
h = fo sec z dz =a log tan (15) — [tog tan (Ita) 
Thus, 7,, Z,, ... can be readily written down. 
But 7, I; I,, ... ultimately connect with [log tan (F+5) dz, 
which is not expressible in finite terms as an indefinite integral. 


270. Similarly, if 7, = 
we have 


1, - (sino. tg de 


gin*tlg 


— — da: or fe cosec? x dæ, 


ess 


sin z— (n 4- 1) COST Jy 


grace sin"*?g 


+ | cos y 
sin^*ig +| 


1—sintz 
sin"+2g 


cos £ 
sin^*lg 


TIC +1) fa 


=(—cos 2) 233 tll 
£m uos 


coz 1 
= XS bui. Jus (t+ 1)fua-1); 


ng cosg +sin g 
n sin”+iy 


n (m+s Ta,; 


or, changing n to n—2, 
_  (n—2)zcosz--sinz | n—2 
TN (n —1)(n—3)sin"ciz * n—1 Tias 
Noting that 


I, fa cosec?g dz = —x cot x + log sin x 


...(2) 


and l= [e cosec « dx =a log tan 3 [ve tan 5 dz, 
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it is clear that I,, I,,... can be successively written down, but 


that Z;, L,..., which connect with |log tan 5 de, cannot be 


expressed in finite terms as an indefinite integral. 
It is also obvious that these formulae (1) and (2) could be 
reproduced by taking 
p (m2 pine ai iia aut oct ee 
cos” g gin” p 
respectively, differentiating, and rearranging the terms. 


271. Reduction formula for 


2n 
CAE pt 
* la ZAR 
n being integral. 
Let R= (1—2?) (1 —K?2?), and put P —2?»34 R. 


- —(1+k*)x + 2k22? 
Then = (2n— 3jatr Ea ges TIES 


2n—4 
= oy Lf 24 2 — [22 gt 
[(22.—3) (1—(1 + &)2? + keat} —(1 + X2)a? + 2224] TR 


—[(2n —3)—2(n—1)(1--i)a?-- (2n—1) kPa] E 


+(2n Diyes 


=(2n—3 dali da D1+)== 
2320-1041) 70 E 
Hence P — (2n —3), ,—2(n —1)(1 - 42), + (2n — 1) P? T,, 
g"—3JR .,n—1(l (1-9); PAESI - 
net mi B ta pia 

[Serret, p. 44, Tom. ii., Calc. Diff. et I Keane. 

By successive reduction 7, may be made to depend upon J, 
and J, by putting in succession n=2, 3, 4,...; and lo, L, 
Which are respectively 

da xede 
De == and [ETE 
I —4? /1—k?aà JA —U* Ny 1— kgr? 
are the integrals known as Legendrian Elliptic Integrals, 
and discussed later. 


4.6. [o 


When n=1, kI =1/R+L_,, 
ie. a EEG 
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When n=0, RI,=-—x/R+2(14+1)7_,-3L_,, 


and putting successively n=-—l, —2, etc, we can calculate 
I_,, J_,, etc., in terms of J, and J,. 


272. Obviously, if we put z=sin 0, 


pa | See ABs, 
” JJ/1—ksin?26’ 
and the same reduction formula applies. ‘ 
2n 2n 
hos L-|; TE a "UL. | ing 
can both be connected linearly with 
fa ME COP |= do . 
/1—k? sin?0 /1—k*sin?0’ 


and the latter being 


lead dada: E sini 
[JE PI E —k? sin?0 dé, 
we have connected each of J, and J_, with 
SUA... PS" { JIE intő de 
V1—k? sin? 
273. Instead of starting with P=x**-3/R, we might have 
proceeded to form the connection required by means of 
integration by parts, which presents no difficulty. 


Thus . R — (1—22)(1— E22?), 
BL 21418444800, 
a 
Multidiy iO and adn 
sone by rom PA 
a"-3 dR 
gn aR au — ML, AS 
Pg E de= +H YT, FOL, 


But the left side =a- JR— (2n —3) [ot ¡Bd 


g3n—4(1 —22)(1— k?z?) de 


=a%-* /R—(2n—3)| JE ; 
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s —(1249)L, 1 + RI, 
=x2-3,/R — (2n—38)[I,-»—(1 +) I, 1+ PL, 
ie. 213 /R=(20M—1)*1,—2(n—1)(1+%31,,_,+(20—3)L.._,, 
the result already obtained. 
274. Reduction formula for 
E 
i.e ple elo —===5 
d E sin?0)"./1 — k? sin?’ 
where x= sin 0. 
Let R=(1—22)(1 —k?x?), as before; then 


1dR p à an 
ib” (1 +12 x+2k*%28, 
a/R 
Put P= amy 
Then 
dR 
E. 7 7 
ip Ef gd 2(n—1)ar R 


E  dqasy s 
(1 --ax)[(1—a%)(1— Ez?) — (1410)? 4 2082] 
~ LLL z2( - ast (1 —25)0 a? 


(1--aa2)^ / R 
_ (12x a2?) [1—2(1 4- K?)z? + 3K22*] — 2 (n —1)az* (1 —22) (1 — 22?) 
dido | (1 +az?)/R 
B(1-4-a2?) 4- C (1-4- az?)? 4- D(14+a2?y 
ae 


Where A+B+4C+D=1, 
aB4+2aC+ 8aD=a—2(1+k?) — 2 (n — 1)a, 
a?C 4-3a? D = 3k*—2a (1 +k?) 4- 2 (n - 1)a(1-4- £2), 
a3 D = 3k?a —2 (n—1)ak?; 
whence we obtain 
a*4 — (2n—2)(a+1)(a+k?), 
a? B = —(2n —3)[a(a 4-2) + (2a 4- 3) *], 
a*C — (2n—4)[a+(a+3)k*], 
a? D = —(2n—5)k*. 
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Then P=AI,+BI,_1:+CI,2+DI,_3, 
and J,, is connected with three integrals of the same form, but 
lower order. Also, the formula is true whether n is positive 
or negative. 


Now a 


I, = | ===> , 
j | Y(1—22(1— Ez?) 
and is Legendre's first elliptic integral (Chaps. XI. and XXXI.). 


«5 lala eu. AD A 
vam +a22)/(1 — 22) (1 — k?z?) 
and is Legendre's third elliptic integral; and 
Fave 1+a2? 
pe "1 J(1—a2)(1— Ha?) 


a dx al — ka? 
"(waa el mae * 
and these are, respectively, Legendre’s first and second elliptic 
integrals. 

These integrals J,, 7,, J_, are therefore all known. Their 
properties will be discussed in the proper place. We thus 
have a means of connecting J, with them for any integral 
value of n, positive or negative. 

The same reduction formula obviously must hold for 


de 
(1 +a sin20)^ /1 — k? sin?6" 


which is only another form of the same integral. 


EXAMPLES. 
1. If X=az"+b, obtain reduction formulae for the integral 
Uy, [n dz ofthe forms, 
(i) Aup, , + Blpon, y +R =0, 
(ii) 40, , + Bu, , ,-- E =0, 
where A, D, A’, D' are constants and R, R are algebraic functions 
of z. [Marn. TRIP., 1896] 
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9. Prove that 


(a) | cos”ġ do = ae tan $ cos"$ + € - zl cos” f de, 
[Trinity, 1891.] 


(b) | sec” $ d = = tan $ sec” $ + € - 75) | sec”="4 de, 


[L C. S., 1886.] 
3. Prove that 
2n41 2n+1 2-1 
fera ? dx= 3i (a? +27) 2 + t mie 2?) 2 dz. 
[L. C. S., 1886.] 


4. Investigate a formula of reduction applicable to 
fer 1+ a3) dz, 


where m and n are positive integers, and complete the integration 
if m=5, n=7. Ed Joun’s Corr., 1881.] 


5. If d(n)= e| ava a T (n — 1). 


[R. P.] 
6. Investigate formulae of reduction for 


da XR p+h 
(a) 5 ar (0) f (a + br)" “de. 


E idan 8 (à) | an. 
(c) EAT 3 Ls +03)3 

gr Mike a 
(e) ocn" (f) [ee eer us 


: 8(53 — 1)~ 3d, 
and obtain the value of E (£? — 1) "dx. : [Corsa Oi] 


7. Investigate a formula of reduction for 


Í (1 a 


and by means of this integral show that 
A BR LIES T anii 


2n42*2'2& 44 2.4 2n £6 3.4.6 2n £8 
20... 295 


„(n+ iy 


EC. 
ui s. 

Sum also the series 
1 41 1 1:3 1 41.9.5 1 +. bin. 


mit? 2° m43” 2.4 M+5 2.4.6 22+7 
(Maru. TRIP., 1897.] 
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8. Find a reduction formula for 


f x dz 
we- 1 
Show that 
2.4.6 ...2n 15 dun 1:8 5: (821) 7 
a A A. du w | 


Toe tw fee sa TENET Wen 
-le*3( 1)+ 5€ 1) ++ 1 In 
4, 
where a,, a, ... are the binomial coefficients. [Sr. Jomw's, 1886.] 


y 
T 


9. Prove that if dl sin”z dz, 
0 


l 1 

then Up= (i T 2) Ma — na 

and deduce 

| Se lve : ( 9n—1 | (2n— 1)(2n - 3) 
Jj cdta tardara) 


(2n—1)(2n -3)...3 7 
2n(2n—2)...4.2 '4' 
[Marn. Txrr., 1878.] 
10. Prove that 


tad dan Pam rl) r 9.4.9 1 
y 149” | 2.4.6...2m. 4 3.5.7...2m4+1' 2 


11. Find a reduction formula for 
je cos"z da, 
where n is a positive integer, and evaluate 


[^ costz dz. 
[OxrokbD, 1889. ] 
12. Find formulae of reduction for 


(1) |2"sin z dz, 
(2) [e sin"z dz. 
Deduce from the latter a formula of reduction for 


feos az sin"z da. 
[CornEGEs y, 1890.] 
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13. Show that 
(m+n)(m-+mn — 3 [sin" 0 cos" 0 dé 
— (m — 1)sin"*!0 cos"-! 0 — (n — 1) sin™-'@ cos"*! 0 
+ (m - 1)(n - 1) {sinm-*6 cos"? 0 dé. 


[TRiN. Corr. CAMB., 1889.] 
14. Show that 


2" [es mz cos™ a de 
cias _sin 2a | m(m— 1) 1) ,Sin4z | sin 2mz 
py 2 1.2 4 ^ni 2m ’ 
where m is a positive integer. [COLLEGES a, 1885.] 


15. Show that 


(2m — 2) (2m — 4) ... 
(4m — 1)(4m — 3) ... ( Ty 


m being a positive integer. [Oxrorp, 1889. ] 


4 
| sin?" 0 cos?"-! 0 d0 = 
0 


1 
16. Evaluate the integral | €7"* cos"z dz, 


m. being a positive integer. H [CoLL., 1886.] 
17. Prove that if 


P [oz sin nz dz, 


(m 4- n) Im, n= — cos" z cos nz -- mL, 4 ni 
| P 1,753959 2" 
d L „|= G tl: a) 
e " “gmit E i e [BERTRAND.] 
3 
18. If mf cos”z sin nz dz, 
0 
prove that Um, n= i = m. 1, n-1* 


M+n M+n 


Hence find the value, when m is a positive integer, of 


* 
iN cos” g sin 2m2 dz. [y, 1887.] 


19. If In n= [or cos nz dz, 


prove that J. _ cosmo d (25) mm — D 


"^" — m-n? de \cos nz m? — e 
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and show that 


i i E: 
pA n um y 1) pe n 
Ch m-n Wd 
T 


20. Prove that [eos cos na da = Jati? 


0 


n being a positive integer. [BERTRAND.] 


c 


21. If mand n be positive integers, and if m+n be even, prove that 


f cos” 0 cos n0 dé = NL LN 4 


pm m+n, m-n, 
C IUD, 


[CoLLEGEs, 1882.] 


22. If iu cos nz dz be denoted by f(m, n), show that 
0 


^1; n+1)= 7 fm - 1, 2 — 1). 
[Oxxron», 1890.] 


93. Prove that if n be a positive integer, greater than unity, 


t 1 
n—2 y ej EA 
f cos tedin meda n—1 [Oxrorp I. P., 1889,] 


24. If wan fa” cosec? z dx, prove that 


(n — 1) (n — 2)w, n= (n — 2)? Um, n + m(m — 1)Um->,n-2 
— amm sin z + (n — 2)2 cos 2) cosec?7!. 
- [Marn. Tnir., 1896.] 
25. If | e-*a"— log z dz zx 4 (n), 
0 
prove that (n+ 2) — (2n - 1) $ (n - 1) 4 32 h(n) — 0. 
[R. P., Sr. Jouw's CoLL., 1881.] 


: 1 gn ez dx 
26. Show that if Unas > 
ow that i > (E 
2 Uny + U, (2n se 1) = 2n LU una e 0. [CoLLEGES B, 1887. ] 
27. Prove that if $n) fam (23 + 3az + c)~* dz, 


then (2m- 1)p(m) + 3a(2m — 3) $ (m — 2) + (2m — 4)c p(m — 3) 


= 2-2 (43 + 3az + cy. [TrrwrrY, 1886.) 
i 
28. If Um =Í e-" cos" dx, 
0 
prove that (m? + n?) u,, — m (m — 1)Um-2 +2. [Oxronp I. P.,1900.] 
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7 inno da 
99. Prove that if Iu | — Seedy | 
o (1-2? sin?a)? 


then (m—1)k®Im—(m—2)(1 +12) Lm_2 + (m — 3) Im4=0. 
[Trintry, 1890.] 


30. Obtain a reduction formula for the integral 


i= fe cos? 0 + 24 sin 0 cos 0 + b sin? 0y” d0 


in the form : 
2 (n + 1) (ab — h?) In yg — (2n - 1) (a - b) Ing, + 20 Ln 
1 d, 
- 2n de?” [Marn. TRIP., 1898.] 
Y nsu 8— 8e2 30% 7 
31. Show that | s ee sr Ma 
e being less than unity. (Sr. Joun’s CoLz., 1885.] 
32. If I= ES de, 
sin a 
prove that (n — 1) (Ln — Ln-2) = 2 sin (n — 1)z, 


and hence that 


t 
| sin ==> if n be odd, 


o sing 


3 JowI^ TI e —1) 
=2(1-345-7+- ..+(-1) if n be even. 


33. If X=atbe+er™ and ie foni 


prove the existence of reduction formulae of the nature of 
(i) om XPH = up Bilminp + Cylingenp 3 
(ii) 2241 Xr = A Imp + Bolmn,p + Colm—en,p 5 
(iii) gmt Xp = Aglm.p + Balm+n, p-1 + LUN PPS ` 
(iv) aX» = A Im p +Bilmpa +Cilmin pa 5 
(v) zn XPH = A.D, yt Bslmnp + CsIm-pa 5 
and find the values of the fifteen constants. 


dz 
34. Show that ferra 
can be reduced to the integration of 
de ada 
CAE ps LI 9,4 
a cco kin Fes ae a) ac), 
and-integrate these expressions ; p being integral. [BerTRAND.] 
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gm 
(log x)" da, 


gam+l 
(log x)" + (m+ l)tg, n-i- 
[Oxron», I. P., 1889.] 


35. Show that, if Um, n= 
(n—1)tnn= — 


36. Find reduction formulae for 


(a) sin dx ; 


(0 as: 


az 


x 
o) P de 


31. i= E where X=a2? + 2bx + c, show that 


aml in +(2m — 1)bIg + (m - 1)c1m-2= =gm-1,/X, [8, 1891.] 
38. Establish a reduction formula for 


las 
=| (Aa? + By X" 
where X= azt + bz? +c, in the form 
NEL 7/4 
(4224 By 
showing that 
A= (2n—2) Z (45c- ABb+ B'a), 


= AI, + ro pea + ving + [3 PR 


p= -(2n- 3) 3 l (4c — 24 Bb + 3B%a), 
v= MEL nal TOU 
= —(2n- 5) 
39. Show that, if 


I n= |’ sine cos n9 do, Jm n= [sinmasin n6, 


then "PIPER a (1 = z) Im,n; Imint == (1 e =) Jmn 


where m is a positive integer; and point out how these results can 
be used to find the values of Zn, and Jm,n- [C. S., 1896.] 
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FURTHER REDUCTION FORMULAE. 273 
40. If T be a function of z such that 
(=) - A & 3BT 4 3CT* + DT’, 
prove that 
See) te ad 
_¿(n-2C te X. (2n - 5)D 


279 ^ 
Apply the result to investigate a Mate formula for 
da 
Tw 


By a consideration of the case where C—0, D=0 (or in any 
other way), obtain a reduction formula for 


dz 
fa + 2bz + ca?" [I. C. S., 1897.] 
41. Prove that 


ean da — iE UE Paagi de, 
o 2.4.6.. 
where n is a positive integer. [CoLLEGES a, 1890. ] 
b 
42, If wl z^ ((b — 2) (z — a)) dar, 
a 
show that — 2nu, — (2n — 1) (a - b) u,., — 2(n — l)abu, s. 
[Oxron»p I. PuB., 1912.] 
43. By applying the substitution =acost0 +bsin?0 (or other- 
wise), prove that the definite integral 
b z^dz 
a(x — a)(b — z) 
is a rational integral function of a and b when n is an integer; and 
evaluate it when n = 3. [Oxr. I, P., 1913] 


44, 1f dr 


sin?z 
obtain a formula of reduction connecting un and un. 
Hence, or otherwise, evaluate 


* cos 2nz d 
, sin*z m: 


where n is a positive integer and ¿>2>0. 


Consider the case when the lower limit is negative. 
[Oxr. 1. P., 1915.] 
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45. By multiplying the inequality 1>2sinx—sin?x by sin?"^!z 
and by sin?^z, and integrating between 0 and $r, show that 
(exem T i 2.4...2n J 2n(2n+1) . i 
int 73] Pie V dal E 
(Maru. Trip. I., 1915.] 
46. The expression 
) 1-a 
(1 — a sin? 9) 
where 1>a>0, is expanded in ascending powers of a, and the co- 
efficient of a” is denoted by un. Prove that 


- (1 - a sin20)5, 


3 
| VE [Maru. Terr. I., 1916.) 
ee vá 
AÑO 0469 [inen Pe din ee I 


prove the reduction formulae 
N (Sny — Sn) 2 sin 2nz, Onyi — Vn = Sny; 
and show that if v, be taken between the limits 0 and jr, its value 


is jnr, where n is an integer. [Marn. Trip. I., 1914.] 
Fd 
48. If A®=cos’¢/a? + sin?p/0?, find EL 

L4 0 
E] 

and prove that | zt = mab (3(a* + bt) + 2202) /16, 
0 

and that [x - 
o 7 (1-40 3(1-ey [e, 1883.] 


49. If U, = |sin"z(a- b eos 2) "dx, prove that U, can be calcu- 


lated by means of a reduction formula of the nature 
AU, + BU, ,-- CU, ,—sin"*!z(a -bcosz)7"*! ; 
and determine the constants 4, B, C. 
dz 9n! r 
50. Prove that y (a= Sen pa nn) Xe? 
where A denotes 4(a? — c?) and is supposed positive. [TRIN., 1887.] 
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